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Cold Dark Stars made of self-gravitating fermions in the degenerate limit are constructed in
General Relativity and in R-square gravity, f(R) = R + αR2. The properties of the resulting Cold
Dark Stars in both theories of gravity are studied. It is found that the same gravitational potential
is generated for different election of the parameters of the model, such as the mass of the fermion,
the self-interacting strength or the value of α, thus, a possible confusion in the determination of the
dark matter properties and the favored theory of gravity might arise.
I. INTRODUCTION
Current astrophysical observations favor General Rela-
tivity (GR) as the correct theory that describes the gravi-
tational interaction [1, 2]. Nevertheless, if GR is valid,
in order to have a concordance model for the evolution
of the universe, two dark components must be added
to the energy density content of the universe i.e. Dark
Matter (DM) and Dark Energy (DE), the latest in the
form of a cosmological constant. This model that have
as main ingredients GR, DM as a cold heavy non rela-
tivistic particle and a cosmological constant is known as
the Λ-CDM model [3]. This model is consistent with
most of the observational data (e.g. measurement of
anisotropies in the temperature and polarization of the
cosmic microwave background (CMB) [4], fluctuations
in the density of baryonic matter (BAO) [5–7], observa-
tions of the magnitude-redshift relation for high redshift
SNe Ia [8, 9]) among many other observations. However,
there are some unresolved problems: the Planck best-
fit measurements of the current expansion rate H0 [10]
is in tension with the value obtained by local measure-
ments of H0 [11–14]. Furthermore, the Λ-CDM model is
not compatible with some astrophysical observations at
galactic scales. Perhaps more important, Λ-CDM model
has little to say about the nature of dark matter, except
that it could be a heavy neutral particle that interacts
very weakly with the rest of the particles of the Standard
Model of particle physics (SM).
An unpleasant possibility, although favored by its sim-
plicity, is that DM particles interact only through gravi-
tational interactions, and thus, the only parameters to be
determined are the spin and the mass of the dark mat-
ter particle, plus the coupling constants that parametrize
the interactions among themselves.
If DM has no other interaction than gravitational, then
DM particle properties will be obtained only through as-
trophysical observations of the dynamics of visible ob-
jects with the gravitational force generated by the DM.
In this scenario, another unpleasant possibility is that
there is a degeneracy in the determination of the DM
properties once variations to the theory of General Rela-
tivity are allowed. The objective of this work is to show
one example of this possibility.
For definitiveness, we will consider as a model for DM
particles, fermions of mass m that have not any other
interaction with the standard model of particles except
the gravitational interaction. In particular this model of
fermionic dark matter has been used to model dark mat-
ter halos [15–21]. This dark matter fermions can interact
themselves and thus a self-interaction term will be added
[22].
On the other hand, as for modification of GR, we will
focus on a theory of gravity that is derived from the ac-
tion
S = −
∫
d4x
√−g(R + αR2), (1)
where R is the Ricci scalar. This is known as R-square
gravity or as the Starobinsky model [23–25] This modi-
fication to GR is a particular case of the so-called f(R)
theories of gravity [26]. Note that R-square gravity is not
introduced to solve the low energy problems of GR such
as to avoid the introduction of dark matter or dark en-
ergy. Instead, we have used it because R-square gravity
it is the simplest non trivial four-derivative extension of
GR that is free of ghosts [25, 26] and thus it is a natural
extension to GR to be studied. We have been motivated
to use this fermionic dark matter model and R-square
gravity because the minimal number of parameters that
are introduced. Even in this minimal scenario we will
show there could be a confusion in the determination of
fermions properties for different values of α. In general,
other modifications to GR have more than one free pa-
rameter, thus strengthening the confusing of DM proper-
ties. (e.g. Hu & Sawicki model [27], Starobinsky (2007)
[28] , The exponential model [29, 30]).
For a distant observed, the gravitational effects of com-
pact objects depend only of their total mass and radius
(i.e. the compactness). What we will show is that self-
gravitating configurations made of DM fermions will have
the same mass and radius although in one case one con-
figuration is made of fermions with a specific value of self-
interacting coupling constant in General relativity while
the equivalent configuration is made for a different self-
interacting constant but in R-square gravity. Thus, there
is a possible confusion in the determination of the dark
matter properties. Even in this very simplified scenario
ar
X
iv
:1
91
2.
09
22
2v
1 
 [g
r-q
c] 
 19
 D
ec
 20
19
2where few parameters are present. In the case where DM-
SM interactions are introduced, a bigger indetermination
will be expected.
Next, we solve the Tolman-Oppenheimer-Volkov equa-
tions in order to find the self-gravitating configurations
made of this self-interacting fermions in both GR and
R-square theories of gravity. We will call this DM self-
gravitating compact objects as Cold Dark Stars (CDS).
We study the general properties of CDS and we will find
equivalent configurations for different elections of param-
eters.
The paper is organized as follows: In Section II we ob-
tain the self-gravitating objects made of fermionic dark
matter (CDS) both in General Relativity and in R-square
gravity. Some previous results in GR are reproduced [31]
and new results are obtained, specially those concern-
ing the compactness of the resulting configurations. We
present in section III a comparison of CDS in GR and
R-square gravity and the equivalence of some configu-
rations even for different values of the self-interacting
coupling, i.e. a confusion on the determination of the
DM properties. In Section IV we give some concluding
remarks.
II. COLD DARK STARS
Dark matter over-densities might form small clumps
that can evolve into Dark Stars, i.e self-gravitating ob-
jects made of dark matter [32–34]. In is generally as-
sumed that those Dark Stars will be powered by the heat
from dark matter annihilation, rather than by fusion. In
our case, since we are assuming that DM has no inter-
action with SM particles, thus, our Dark Stars will be
Cold compact objects and in order to distinguish from
dark stars we will call the resulting self-gravitating ob-
jects made of Fermionic DM in the degenerate limit as
Cold Dark Stars.
A. CDS in General Relativity
For non interacting fermions in the degenerate limit, it
is possible to establish a relationship between the pres-
sure and the density, for a gas of free fermions. This
relationship can be calculated via explicit expressions for
the energy density ρ and pressure p. For a completely
degenerate gas of fermions ρ and p are given by [31, 35]
(in units where c = ~ = 1):
ρ(z) =
m4
8pi2
[(
2z3 − 3z) (1 + z2)1/2 + 3 sinh−1(z)] , (2)
p(z) =
m4
24pi2
[(
2z3 + z
) (
1 + z2
)1/2 − sinh−1(z)] , (3)
where z = kf/m is the dimensionless Fermi momentum
and m the mass of the fermion. It is convenient to work
in dimensionless variables so we define the dimensionless
variables
p¯ =
p
m4
, ρ¯ =
ρ
m4
, r¯ = r
m2
mp
, (4)
where, m is the fermion mass, and mp is the Planck mass,
defined as mp = G
−1/2.
We will consider self-interacting dark matter since it
may resolve some problems of Λ-CDM paradigm at galac-
tic scales [36]. Following [31], the interparticle interac-
tions can be added effectively by adding a term propor-
tional to the square of the density number of fermions:
ρ¯(z) =
1
8pi2
[(
2z3 − 3z) (1 + z2)1/2 + 3 sinh−1(z)]
+
1
9pi4
y2z6. (5)
p¯(z) =
1
24pi2
[(
2z3 + z
) (
1 + z2
)1/2 − sinh−1(z)]
+
1
9pi4
y2z6, (6)
where y is the interaction strength between fermions.
In order to obtain the self-gravitating object made of
this gas of fermions, it is needed to solve Einstein’s equa-
tions and the conservation of the energy tensor.
Taking α = 0 in eq. (1), the action reduces to the Gen-
eral Relativity action. We consider a static, spherically
symmetric ansatz for the line element,
ds2 = −A2(r)dt2+B2(r)dr2+r2dθ2+r2 sin2 θdϕ2 . (7)
The energy momentum tensor for a perfect fluid is given
by
Tµν = (ρ+ p)uµuν + gµνp (8)
and thus, Einstein-equations reduces to the Tolman-
Oppenheimer-Volkoff equations (TOV):
B′ =
B3
(
8pir¯2ρ¯− 1)+B
2r¯
, (9)
2A′ =
A
(
B2
(
8pir¯2p¯+ 1
)− 1)
r¯
, (10)
p¯′ = −A
′(ρ¯+ p¯)
A
, (11)
We set as boundary conditions A(0) = B(0) =
1, p¯(0) = p¯0, with p¯0 a free parameter. As the equation
of state depends on two parameters, z and y, the ρ¯(p¯) re-
lationship was obtained of interpolation of results of eval-
uate eq. (5) and eq. (6) for a range of values 0 < z < 20
given a fixed interaction strength y. The range of values
explored for y are between 0 and 10. And, for our ana-
lysis, the central pressure of the object p¯0, took values
between 10−10 to 10. The mass of this objects was cal-
3FIG. 1: Typical energy density profile and mass as a func-
tion of the radial coordinate r. For definitiveness it was cho-
sen ρ¯0 = 2.1 × 10−6, and two values of the self-interacting
strength: y = 1 (dashed line) and y = 3 (solid line). The
introduction of self-interaction produces a more massive self-
gravitating structure and with a stiffer density profile.
culated using the ADM mass,
MADM =
1
2
r¯
(
1− 1
B2
)
. (12)
Typical configurations are shown in Fig. 1, where the
profile for the energy density as a function of r¯ are shown
for a fixed value of p¯0 (that is equivalent to a fixed value of
ρ¯0) for two different values of the self-interacting strength
y. For definitiveness it was chosen ρ¯0 = 2.1 × 10−6,
and two values of the self-interacting strength: y = 1
(dashed line) and y = 3 (solid line). The introduction of
self-interaction produces a more massive self-gravitating
structure and with a stiffer density profile. The radius
R¯ is defined as the point where the ADM Mass starts to
be constant (p¯0 < 0). Thus, each CDS will have a fixed
total mass M¯ and a finite radius R¯.
It is possible to obtain the full set of CDS for our pa-
rameter space (p¯0, y) → (R¯, M¯ , y). These configurations
are shown in Fig. 2. Note that, each value of y imply a
different equation of state. For small values of this and
lower densities, the interaction terms can be ignored and
the object was describe for an ideal Fermi gas. For higher
y values, the interaction terms become more and more
important and the transition point from the relativistic
curve to no relativistic move to lower densities. Similar
behavior occur with the stability border of the dark star
(we can defined the stability border from the maximum
gravitational mass of the Cold Dark Star). It can be
seen that the stability border move to right (lower cen-
tral pressure) when is increasing the interaction strength
parameter. As was expect, the mass ground for higher
values of y, it is because the degeneration pressure is
FIG. 2: Black solid line correspond to M vs R for y = 0
(General Relativity without auto-interaction) and the blues
doted-lines corresponds to the dark star made of interacting
fermions in General Relativity with coupling constant for a
rang between y = 1 and y = 5.
strengthened and it necessary more mass for counteract
this, and arrived to hydrostatic equilibrium.
Because the dimensionless definitions of the variables
eq. (4), all values obtained in Figs. 1-2 are dimensionless
as well. In order to obtain the physical values of the mass
and energy density we have the following relations
Mphys = M¯ADM
m3p
m2
, ρphys = ρ¯m
4, Rphys = R¯
mp
m2
,
(13)
Note that if m = 1 KeV then Mphys ∼ 1012M and
Rphys ∼ 0.1pc, e.g. a possible super massive black hole
mimicker.
We finish this section by enumerating some general
properties of CDS. In GR the self gravitating configura-
tions made of degenerate non interacting fermions (CDS)
have the following properties:
1. The total mass of the CDS increases as ρ¯0 increases,
then the mass reaches a maximum value M¯max that
defines the stability region.
2. The radius of the configuration R¯ decreases as ρ¯0
increases.
3. The introduction of a self-interacting coupling be-
tween the fermions (y > 0) make that the config-
uration increases the value of the maximum mass
M¯max
B. Cold Dark Star in R square gravity
Now we study CDS in the R-square gravity given by
the action eq. (1).
4The generic field equations for a theory f(R) are given
by,
fRRµν − 1
2
gµνf(R) + gµν2fR −∇ν∇µfR = kTµν , (14)
where, fR := ∂Rf(R), 2 = g
µν∇µ∇ν .
Taking f(R) = R + αR2, (where α is a constant with
units of the inverse of the Ricci scalar [R−1]) in eq. (14)
and using the 1-1, 2-2 components, and a spherically sym-
metric line element eq. (7) and the conservation equation
∇µTµν = 0 with Tµν a perfect fluid as before, it is possi-
ble to obtain the modified Tolman-Oppenheimer-Volkoff
for R-square gravity. The R-square TOV system is given
by:
B′ =
B
(
2 +B2
(−2 + α¯R¯ (−4 + r¯2R¯)+ 16pir¯2ρ¯)+ 4α¯(R¯ + r¯ (2R¯′ + r¯R¯′′)))
4r¯
(
1 + 2α¯R¯ + r¯α¯R¯
′) (15)
A′ =
A
(
−2− 4α¯R¯ +B2 (2 + 16pir¯2p¯+ α¯R¯ (4− r¯2R¯))− 8r¯α¯R¯′)
4r¯
(
1 + 2α¯R¯ + r¯α¯R¯
′) (16)
p¯′ = −A
′(ρ¯+ p¯)
A
(17)
For this case, we need a extra equation for describe the
Ricci scalar behaviour because the theory have a extra
degree of freedom. It is given by:
R¯
′′
=
6α¯R¯
′ (−1− 2α¯R¯ + 2r¯α¯R¯′)+B2 (r¯(1 + 2α¯R¯)(24pip¯+ R¯− 8piρ¯) + α¯ (−6 + R¯ (r¯2 − 12α¯+ 3r¯2α¯R¯)+ 16pir¯2ρ¯) R¯′)
6r¯α¯(1 + 2α¯R¯)
(18)
Note that eqs. (17)-(18) are written in dimensionless
variables where we have used the extra variable change,
α = α¯m2p/m
4 and R = R¯m4/m2p.
The value of the free parameter α of R-squared theory
is constrained from observations in different scales. In
the cosmological context, if one takes α < 0 then ghost
modes instabilities arises [37]. Furthermore, for negative
values of α, the Ricci scalar profile has a oscillating be-
haviour outside the star and this oscillating behaviour is
in contradiction with our boundary conditions. Similar
behaviour occurs in the neutron star context [38]. Then,
we will work with α > 0 values.
From the strong gravity regime, |α| is constrained to be
. 1010 cm2 [39]. For weak-field limit, it is constrained by
different experiments, the Eo¨t-Wash provides the more
stringent bound, |α| . 10−6 cm2, the Gravity Probe B,
constrains |α| to have values . 5 × 1015 cm2 and from
measurements of the precession of the pulsar B in the
PSR J0737-3039, |α| . 2.3 × 1019 cm2. [40] Although
all the bounds has differences, they are still meaningful,
because this type of theory present a chameleon effect
and thus the α values could be different at different scales.
In our case, to compare α with α¯ we recall that
α = 5.79× 10−5α¯
( m
1TeV
)−2
cm2 . (19)
Form ∼ 1 TeV, values of α¯ ∼ 10−1 will be in concordance
with the strongest limit of |α| . 10−6 cm2. We will find
the configurations for a specific value of α¯ = 0.05
The next step for the numerical analysis is to define the
boundary conditions compatible with solutions that are
regular at the origin, localized, and asymptotically flat.
We expand the system equation around to the origin in
order to find the boundary conditions at r = 0. It was
found:
R¯(0) = R0, R¯
′
(0) = 0. (20)
where the “prime” indicate derivation with respect to r¯.
Here R0 has to be chosen so that the Ricci scalar vanishes
asymptotically (at r →∞). The correct value of R0 such
as the boundary conditions are fulfilled is found with a
shooting algorithm. [41]
Since R approaches asymptotically to zero, numeri-
cally we have to choose a particular value of r such that
5FIG. 3: Left panel: CDS density and Mass profile in R-square gravity with α¯ = 0.05. As in Fig. 1, ρ¯0 = 2.1 × 10−6 and we
have selected the values of the interaction strength y = 1 and y = 3. Right panel: The value of Ricci scalar in the origin was
chosen so that asymptotically tend to zero.
the value of Ricci scalar is almost zero. Numerically we
choose a value r¯ = r? such as R¯(r?) ≤ R0/104.
Because the Ricci scalar vanishes at infinity, the space-
time metric approaches to the Schwarzschild space time
and thus we can use the Schwarzschild metric to esti-
mate the mass of object using (12) with r¯ = r?. As the
Ricci scalar does not strictly vanish for r?, we demand
that M¯ ′(r?) ≈ 0 must be satisfied, the “prime” indicate
derivation respect to r¯.
The system equations (15)-(18) were solved numeri-
cally with an equation of state given as in the previous
section, i.e. a equation of state for a gas of self-interacting
fermions in the degenerate limit. Typical selfgravitat-
ing configurations for two different values of the coupling
strength (y = 1 red solid line and y = 3 blue line) are
shown in Fig. 3. It is shown the density, ρ¯(r¯), and mass,
M¯(r¯), profiles for the specific value of the central pres-
sure ρ¯0 = 2.1×10−6. The profile for the Ricci scalar and
their derivative are also shown in Fig. 3.
We finish this section by constructing all configurations
for a specific value of α¯ = 0.05. Solutions in the M vs R
space for different values of the self-interacting strength
y are shown in Fig. 4.
In R-square gravity the CDS have the same behaviour
as in GR, but the new parameter α¯ modifies the global
structure of the configuration. In particular, in R-square
gravity the maximum masses Mmax are smaller than the
GR case for the same value of the self-interacting cou-
pling constant y (see Figs. 2-4). In order to understand
this behaviour, let us take the Newtonian limit of R-
square gravity.
In this case, the Newtonian gravitational potential for
R-square gravity is [42]:
V (r) = −GM
r
− GM
3r
e−βr , (21)
FIG. 4: As in Fig. 2, we obtained CDS configurations, but
now in a R-square gravity with α¯ = 0.05. Black solid line
correspond to y = 0 and the blues doted-lines corresponds to
the dark star made of self-interacting fermions with coupling
constant between y = 1 and y = 5. Grey line correspond to
CDS in GR with y = 0 in order to compare GR and R-square
CDS configurations.
where β = 12
√
3α. Thus, the gravitational force is in-
creased if β > 0, and consequently, a lower amount of
mass is needed to compensate the pressure produced by
the fermions. This reduction in the mass of the configu-
ration can be seen in Fig. 4 where we have included in a
grey solid line the corresponding CDS configurations for
y = 0 in GR. The black solid line that corresponds to
R-square gravity is always below the grey line, meaning
that all CDS in R-square gravity are smaller that the GR
case.
6FIG. 5: Compactness of Fermionic dark stars as a function
of the self-interaction strength parameter, y. The black solid
line correspond to the case α¯ = 0 (General Relativity), the
orange dashes lines represent the compactness for two case,
α¯ = 0.05, and α¯ = 1.
Another important observation is that the density
tends to zero faster that the Ricci scalar, and then, the
ADM-mass can increases even if the star has negligible
contribution of fermions. The same holds for the deriva-
tive of the Ricci scalar. Thus, we can define a stellar ra-
dius rs where the density is almost negligible ρ(rs) = 0.
Recall that we have the configuration radius r∗ chosen by
the shooting algorithm such as the boundary conditions
are fulfilled. In general, r∗ > rs.
III. SIMILARITIES AND DIFFERENCES OF
CDS IN GR AND R-SQUARE GRAVITY
A. Compactness
The Cold Dark Stars are objects make of self-
interacting fermionic dark matter that do not interact
with SM particles. For this reason they can not be ob-
served by standard electromagnetic probes. However,
in principle, they can be observed by gravity probes,
such as gravitational wave (GW) signals or by the ef-
fect that CDS can induce gravitationally to other stars
(e.g., [43, 44]). In the later case, an object that is far to
the Cold Dark Star will feel the same gravitational po-
tential both in GR and in R square gravity as long as the
ratio M/R is the same. The parameter M/R is called
the compactness of the star C defined as:
C =
MADM
R
=
GMphys
Rphysc2
, (22)
where G is the gravitational constant and c the speed
of light, and Mphys, Rphys are defined in eq. 13. Note
that C is a dimensionless parameter. The compactness
of CDS is affected when we considered a self-interacting
fermionic dark matter: the larger the value of y the big-
ger the mass, meanwhile the radius of the configuration is
not severely affected by the value of y and thus, the com-
pactness of the star increases as y increases. Changes in
the compactness will imply changes in several properties
such as the possible gravitational radiation emmitted by
an asymmetric star, or a binary of CDS and of course a
change in the compactness induces changes in the gravi-
tational potential the stars produces in other objects.
With this in mind, next we study the change in the
maximum compactness of CDS as a function of the self-
interacting strength constant y value. The compactness
of the CDS in GR (α¯ = 0) are shown as a solid black line
in Fig. 5. In GR, for y = 0 (no self-interacting fermions)
the maximum compactness is C = 0.11, and it increases
as y increases. To have an order of magnitude, let us
recall that the Sun compactness is ∼ 10−5. Thus CDS
can be very compact objects. As a comparison of other
compact objects, in Fig. 5 we have included other im-
portant compactness values. For instance, the maximum
compactness for a fluid star, which is given by the Buch-
dahl’s limit and that is given by C = 4/9 [45] is shown
as a blue dotted line. In addition, the compactness of
a Schwarzschild black hole, i.e. C = 1/2, is shown as
a green dashed line. Finally, the maximum compactness
for a Boson Star which is given by C = 0.158 [46] is plot-
ted as a red dotted line. In summary: Fermionic CDS
have a maximum stable compactness bigger that Boson
Stars.
Now we can study Cold Dark Stars compactness in R-
square gravity. It is important to recall that in R-square
gravity one can distinguish between the asymptotic com-
pactness C = MADM/r∗ - which captures contributions
to the mass due to the non-vanishing value of the Ricci
scalar. Nevertheless, r∗ is formally reached at infinity as
in the case of Boson Stars, because the Ricci scalar de-
cays as ∼ 1/r2 and thus R = 0 can be reached only as
r∗ →∞. We used instead of the asymptotic compactness
the following definition of compactness:
C =
M99
R99
, (23)
where M99 = 0.99MADM and R99 is the radius where
M99 is reached.
We have plotted the maximum stable compactness
(eq. 23) in R-square gravity as a function of the self-
interacting coupling y in orange dashed lines of Fig. 5.
Two values of α¯ were chosen: α¯ = 0.05 and α¯ = 1. For
increasing values of α¯, the maximum compactness is de-
creasing, because the maximum mass in R-square gravity
decreases meanwhile R99 is not severely affected. Note
that there are configurations where the compactness for
CDS in GR intersects the compactness for CDS in R-
square gravity for different values of y. This intersection
leads us to the confusion between dark matter proper-
ties with modifications of GR as we discuss in the next
section.
7FIG. 6: For every case the mass profiles correspond to f(R)
theory are down to the mass profile obtained for the same case
(same “y” value) but, using General Relativity. Is possible
increase the mass obtained in R-squared in comparative we
GR, if we choose for the first a higher value of ”y”.
B. Confusing
The previous results show the linear relationship be-
tween the free parameter, y, α and the mass of the re-
sulting CDS. In this section we will show that for a dif-
ferent selection of parameters m, y, α and p¯0 there are
equivalent configurations, and thus, a confusing on the
determination of the parameters is possible.
To illustrate this point, we have constructed three dif-
ferent configurations shown in Fig. 6:
• Configuration A: Solid line corresponds to ρ¯0 =
4.1 × 10−5, y = 2 (with self-interaction) α¯ = 0
(General Relativity)
• Configuration B: Dotted line corresponds to ρ¯0 =
4.1× 10−5, y = 2.2 (with self-interaction) α¯ = 0.05
(R-square gravity)
• Configuration C: Dotted line corresponds to ρ¯0 =
4.1 × 10−5, y = 1 (with self-interaction) α¯ = 0.05
(R-square gravity)
• Configuration D: Dashed line corresponds to ρ¯0 =
3.4 × 10−5, y = 5 (with self-interaction) α¯ = 0.05
(R-square gravity)
Note that configuration B has the same central density
as configuration A, but different interaction strength in
R-square gravity. Nervertheless, the mass of the config-
uration and the radius are are almost indistinguishable.
Thus, any test particle will follow the same trajectory in
both configurations.
On the other hand, Configuration C has a smaller cen-
tral density, but due to the increase of the interaction
strength y the total mass increases and it is above the
RG value. Thus, it seems that a there will be a value of
ρ0 ∈ [3, 4] × 10−5 and y ∈ [1, 5] for a R-square gravity
with α¯ = 0.05 will coincide with the GR case for y = 2
and ρ¯0 = 4.1 × 10−5. Thus any gravitational signal for
this two objects will be almost identical for different val-
ues of the coupling constant.
There are other possible confusing possibilities in the
determination of the parameters. Let us for instance con-
struct all configurations with y = 3 in GR and all con-
figurations for y = 0 in R-square gravity with α¯ = 0.05.
The plots M99 vs R99 for those configurations are shown
in left panel of Fig. 7. Note that there are 2 points that
intersect both plots. Those configurations corresponds
to CDS with the same compactness. Thus, any other
object will feel the same gravitational potential outside
this CDS: no dynamical differences will be seen neither
infall differences. Thus, if one luminous star is orbiting
this cold Dark Star and this is the only observable we
have to constraints the dark matter particle properties
(remember that in this case that will be the mass of the
dark matter particle and the self-interaction strength).
Finally, given the typical astrophysical uncertainties,
small variations on the compactness or the M99 vs R99
relation will be difficult to be disentangled. On the top
of that, we can have the already discussed confusing be-
tween GR and R-square gravity. Let us illustrate this fi-
nal possibility by constructing all possible configurations
with y = 0.5 in GR and all configurations for y = 0 in
R-square gravity with α¯ = 0.1. The plots M99 vs R99 for
those configurations are shown in right panel of Fig. 7.
Note that in this case there is an almost identical region
where both plots intersects, and thus a infinite number
of configurations can be confused.
IV. CONCLUSIONS
Modifications to general Relativity have been usually
invoked to replace the role of dark matter or dark energy.
Nevertheless, it could be possible that even with the ex-
istence of dark matter, there are possible modifications
to general relativity. This modifications to GR seems to
be mandatory specially if one looks for renormalizability
of the gravitational interactions at high energies. Thus,
we have consider a scenario where both dark matter and
modifications to GR are present. In particular, we have
consider dark matter as a self -interacting fermion in the
degenerate limit and R-square gravity as a possible mod-
ification of GR. In this scenario, we have constructed self-
gravitating structures made of this fermionic dark matter
in both theories of gravity and studied their properties
such as the compactness of the configurations. We have
called this configurations Cold Dark Stars.
In the context of GR, we have shown that is possi-
ble to obtain configurations of CDS more compact that
Boson Stars. Depending on the election of the mass of
the fermion, CDS can be as massive and compact to be
considered as black hole mimickers.
8FIG. 7: The figures show the relationship between mass and radius in GR and f(R). Left: The orange line correspond to all
configurations (in the space parameter study) with GR and y = 1. The red line represent the same, but in f(R) with y = 0.
As see, exist confusing for some configurations (black points). This objects are indistinguishable one of other, because the
have the same mass and radius. Right: Is illustrated the same idea, but whit other values for y and α. Now given the typical
astrophysical uncertainties, small variations on the compactness will be difficult to be disentangled, the GR and f(R). Note
that in this case there is an almost identical region (dark region) where both plots intersects, and thus a infinite number of
configurations can be confused
We have shown that CDS in R-square gravity, the big-
ger the quadratic term in the Einstein-Hilbert action, i.e.
the bigger the value of α¯, the smaller the maximum mass
of the resulting CDS configurations are obtained. This
reduction in the mass will produce less compact CDS in
R-square gravity in comparison with GR.
Considering the possibility that dark matter might in-
teract only through gravitational interactions, the deter-
mination of their properties will be only accessible by as-
trophysical observations. Thus, given that similar CDS
can be obtained for different election of coupling con-
stants y or values of α¯ in R-square theories, thus, a pos-
sible confusion in the determination of the dark matter
properties and possible modifications to general relativity
could be possible.
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